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Abstract
We generalize a construction of simple cyclic 3-designs due to Köhler (1981) to that of simple abelian
3-designs. We prove that for any abelian group A of order v ≡ 2 (mod 4), there exists a simple 3-(v,4,3)
design with A  Aut(A) as an automorphism group.
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1. Introduction
An action of a finite group on a set of points V partitions the elements of
(
V
k
)
into orbits.
A classical method of constructing simple t-designs employs suitable choices of the orbits, with
no orbits used repeatedly, and regards them as blocks. It is not clear when the study of such
constructions using finite groups like this started, but as far as the authors know, it goes back to
a paper due to Witt [8] in 1938. It is well known that the orbit of an element of (V
k
)
under the
action of a t-transitive (t-homogeneous) group yields a simple t-design admitting the group as
an automorphism group. For t = 2, difference sets, and more generally, difference families are
studied extensively. However, for t  3, little is known on the existence of a family of simple
t-designs with a constant and small index. The purpose of this note is to extend a construction of
one such family due to Köhler [5].
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A  〈σ 〉, where σ is the permutation on A defined by σ :a → −a. For a subset B of A, let
OrbA(B),OrbAˆ(B) denote the orbits of B under A, Aˆ, respectively. A k-subset B of A is said
to be a symmetric k-block if B satisfies OrbA(B) = OrbAˆ(B), or equivalently, it is fixed by an
element of Aˆ not in A:
B = −B + x for some x ∈ A. (1)
This definition of symmetric k-blocks is a generalization of blocks corresponding to symmetric
k-difference cycles, introduced by Köhler [5] for A  Zv . To see this, regard the elements of Zv
as nonnegative integers 0  j < v. To a k-subset B = {b1, . . . , bk} of Zv with 0  b1 < b2 <
· · · < bk < v, one associates a cycle c = (c1, c2, . . . , ck), where ci = bi+1 − bi for 1  i < k,
ck = b1 − bk . Then, translates of B correspond to cyclic shifts of c, while −B correspond to
(ck−1, . . . , c1, ck) or (ck, . . . , c1), depending on b1 = 0 or not. Köhler calls c = (c1, . . . , ck)
a symmetric k-difference cycle if c is a cyclic shift of (ck, . . . , c1). It is readily seen that B sat-
isfies (1) if and only if the corresponding cycle is a symmetric k-difference cycle. It was shown
in [5] that the set of all 4-subsets corresponding to symmetric 4-difference cycles forms a sim-
ple 3-(v,4,3) design with Zv as a point-regular automorphism group, if v ≡ 2 (mod 4). In this
note, we will prove that for any abelian group A of order v ≡ 2 (mod 4), the set of all symmet-
ric 4-blocks forms a simple 3-(v,4,3) design with A  Aut(A) as a group of automorphisms,
A acting point-regularly. We refer the readers to [1–4,7] for the existence of 3-(v,4,3) designs.
2. The number of symmetric 4-blocks
For the remainder of this paper, let A be an abelian group of order v ≡ 2 (mod 4) and N =
2AA. Then the group A has a unique element h of order 2. Let B be the set of all symmetric
4-blocks of A:
B =
{
B ∈
(
A
4
) ∣∣∣ OrbA(B) = OrbAˆ(B)
}
. (2)
Lemma 2.1. (a) B = B0 ∪B1, (b) B0 ∩B1 = ∅, where
B0 =
{{0, a, b, a + b} + c ∣∣ a, b ∈ A\{0}, c ∈ A, a = ±b},
B1 =
{{0, h, a,−a} + c ∣∣ a ∈ A\{0, h}, c ∈ A}.
Proof. (a) Since
{0, a, b, a + b} = −{0, a, b, a + b} + (a + b), {0, h, a,−a} = −{0, h, a,−a},
we have {0, a, b, a + b} ∈ B and {0, h, a,−a} ∈ B. Since B is invariant under the action of A, we
see B0 ∪B1 ⊆ B.
Conversely, suppose B ∈ B. Then B = −B + x for some x ∈ A. Let τ be the permutation on
A defined by aτ = −a + x. Then
{
a ∈ A ∣∣ aτ = a}= { {b, b + h} if x = 2b with b ∈ A,∅ otherwise. (3)
Since the permutation τ is an involution having 0 or 2 fixed points, we have either
B = {a, b,−a + x,−b + x} or {a, a + h,b,−b + 2a},
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B = {0, a − b,−a − b + x, (a − b) + (−a − b + x)}+ b or{
0, h, b − a,−(b − a)}+ a,
hence B ∈ B0 ∪B1.
(b) This is obvious since |B ∩ N | ≡ 0 or 1 (mod 2), according as B ∈ B0 or B ∈ B1. 
Let A∗ = A\{0}, and define
A∗2 =
{
{a, b} ∈
(
A∗
2
) ∣∣∣ a + b = 0
}
.
Consider the mappings φ0 :A∗2 × A →
(
A
4
)
and φ1 : (A∗\{h}) × A →
(
A
4
)
defined by
φ0
({a, b}, c)= {0, a, b, a + b} + c,
φ1(a, c) = {0, h, a,−a} + c.
Then B0 = φ0(A∗2 × A) and B1 = φ1((A∗\{h}) × A) hold.
Lemma 2.2.∣∣φ−10 (φ0({a, b}, c))∣∣=
{4 if h /∈ {a, b},
8 otherwise.
Proof. Let B = φ0({a, b}, c). Since
φ0
({a, b}, c)= φ0({a,−b}, b + c)= φ0({−a, b}, a + c)= φ0({−a,−b}, a + b + c), (4)
it follows that |φ−10 (B)|  4. Suppose φ0({a′, b′}, c′) = B . Then, as c′ ∈ B , (4) implies that
we may assume without loss of generality c′ = c, and hence {a, b, a + b} = {a′, b′, a′ + b′}.
If h /∈ {a, b}, then {a′, b′} = {a, b}, and hence |φ−10 (B)| = 4. If h = b, then {a′, b′} = {a,h} or
{a + h,h}, and hence |φ−10 (B)| = 8. 
Lemma 2.3. |φ−11 (φ1(a, c))| = 4.
Proof. Let φ1(a, c) = B . Since
φ1(a, c) = φ1(a + h, c + h) = φ1(−a, c) = φ0(−a + h, c + h), (5)
it follows that |φ−11 (B)| 4. Suppose that φ1(a′, c′) = B . If c′ ∈ {c, c+h}, then (a′, c′) is one of
the four members listed in (5). If c′ = a + c, then h+ c′ = a + h+ c ∈ {c,−a + c,h+ c}, which
is impossible since a = 0, h and h /∈ N . 
Lemma 2.4. |B| = 3 · (v3)/(43).
Proof. From Lemmas 2.1 to 2.3, it follows that
|B| = ∣∣φ0(A∗2 × A)∣∣+ ∣∣φ1((A∗\{h})× A)∣∣
= 1 ∣∣{(X, c) ∈ A∗2 × A ∣∣ h /∈ X}∣∣+ 1 ∣∣{(X, c) ∈ A∗2 × A ∣∣ h ∈ X}∣∣+ 1 ∣∣(A∗\{h})× A∣∣4 8 4
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(
1
4
∣∣{X ∈ A∗2 ∣∣ h /∈ X}∣∣+ 18
∣∣{X ∈ A∗2 ∣∣ h ∈ X}∣∣+ 14
∣∣A∗\{h}∣∣
)
= v
(
1
4
∣∣A∗2∣∣− 18
∣∣A∗\{h}∣∣+ 1
4
(v − 2)
)
= v
(
1
4
· (v − 2)
2
2
+ 1
8
(v − 2)
)
= 3 ·
(
v
3
)/(4
3
)
. 
3. Main result
Theorem 3.1. Let B be the set of symmetric 4-blocks. For any positive integer v ≡ 2 (mod 4) and
for any abelian group A of order v, (A,B) is a simple 3-(v,4,3) design with A as a point-regular
automorphism group. Furthermore (A,B) admits the group A  Aut(A) as an automorphism
group.
Proof. Lemma 2.4 implies that it suffices to show that every triple of elements of A is contained
in at least 3 blocks in B. Moreover it suffices to consider those triples which contain 0, since A
is transitive on itself. Let T = {0, a, b} ∈ (A3).
If a + b = 0, 2a = b, 2b = a, 2a = 2b and h /∈ T , then
T ⊂ T ∪ {a + b} = {0, a, b, a + b} ∈ B0,
T ⊂ T ∪ {−a + b} = {0,−a,−a + b,−a + (−a + b)}+ a ∈ B0,
T ⊂ T ∪ {a − b} = {0,−b, a − b,−b + (a − b)}+ b ∈ B0.
If a = h, then
T ⊂ T ∪ {a + b} ∈ B0,
T ⊂ T ∪ {a − b} ∈ B0,
T ⊂ T ∪ {−b} = {0, h, b,−b} ∈ B1.
If b = a + h, then T = {0, h,−b} + b, so this case reduces to the previous case.
If a + b = 0,3a = 0, then
T ⊂ T ∪ {h} = {0, h, a,−a} ∈ B1,
T ⊂ T ∪ {2a} = {0, a,2a, a + 2a} − a ∈ B0,
T ⊂ T ∪ {−2a} = {0,−a,−2a,−a + (−2a)}+ a ∈ B0.
If v ≡ 0 (mod 3), a + b = 0 and 3a = 0, then
T ⊂ T ∪ {h} = {0, h, a,−a} ∈ B1,
T ⊂ T ∪ {h + a} = {0, h, a,−a} + a ∈ B1,
T ⊂ T ∪ {h − a} = {0, h, a,−a} − a ∈ B1.
If 2a = b, then T = {0, a,2a} = {0, a,−a} + a, so this case reduces to the case a + b = 0. The
case a = 2b is similar. The proof is complete. 
For values of v ≡ 0 (mod 4), we cannot obtain a 3-(v,4,3) design using all symmetric
4-blocks. For example, if A  Zv , the only symmetric 4-block containing the triple {0, v/4, v/2}
is {0, v/4, v/2,3v/4}. In order to obtain a 3-(v,4,3) design, we need the A-orbit of this block
exactly three times, and the resulting design is no longer simple [6].
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